In this paper, we introduce the BMT distribution as an unimodal alternative to continuous univariate distributions supported on a bounded interval. The ideas behind the mathematical formulation of this new distribution come from computer aid geometric design, specifically from Bezier curves. First, we review general properties of a distribution given by parametric equations and extend the definition of a Bezier distribution. Then, after proposing the BMT cumulative distribution function, we derive its probability density function and a closed-form expression for quantile function, median, interquartile range, mode, and moments. The domain change from [0,1] to [c,d] is mentioned. Estimation of parameters is approached by the methods of maximum likelihood and maximum product of spacing. We test the numerical estimation procedures using some simulated data. Usefulness and flexibility of the new distribution are illustrated in three real data sets. The BMT distribution has a significant potential to estimate domain parameters and to model data outside the scope of the beta or similar distributions.
Introduction
The well known beta distribution is frequently the first choice for doubled-bounded data. Additionally, the Kumaraswamy distribution is a viable alternative with some common characteristics family. Wagner and Wilson (1996a) proposed a distribution based on Bezier curves to model the input of engineering processes. After that, Bezier curves have rarely appeared in the probability and statistics area Wilson, 1995, 1996b; Kim, 1996; Kim et al., 1999 Kim et al., , 2000 Kim et al., , 2003 Kotz and Van Dorp, 2004; Kuhl et al., 2010; Kim, 2012; Bae and Kim, 2014; Cha and Kim, 2016) .
Initially, without knowledge of the work of Wagner and Wilson (1996a) , we put together a cumulative distribution function based on Bezier curves. Our main motivations Bezier curves parametric equations are their capacity of being molded to assume a desired form and their useful mathematical properties. We name the resultant distribution family BMT, as an acronym for Bezier-Montenegro-Torres. The BMT distribution has the following features: finite support, small number of interpretable parameters, symmetric and skewed unimodal shapes, and close-form formulas for quantile function (therefore median and interquartile range), mode, and moments.
After establishing some mathematical characteristics of the BMT distribution, we study two different estimation methods for the parameters of the distribution. Maximum likelihood and maximum product of spacing are tested, given us satisfactory numerical outcomes, at least with the simulations and applications considered.
As a result, we obtain two interesting and important things about the proposed distribution family. First, there are values of (population) skewness and kurtosis that are possible for the BMT distribution, while said values are not reachable with the beta and Kumaraswamy distribution families. Thus, if we use as a criterion the sample skewness and kurtosis, there are datasets that should be modeled with the BMT instead of the beta and Kumaraswamy distributions. Second, the 4-parameter BMT distribution works much better than the equivalent 4-parameter version of the beta and Kumaraswamy distributions. That occurs because estimates for domain parameters under the BMT distribution come considerably closer to the minimum and maximum of the sample than the mentioned competing distributions.
The rest of the paper is structured as follows: In Section 2, some characteristics of Bezier curves, generic distributions given by parametric equations, and the Bezier distribution are presented.
In Section 3, cumulative distribution and probability density functions for the BMT distribution are characterized and described. In Section 4, quantile function, median, interquartile range and a sampling procedure are established. In Section 5, moments of a BMT random variable are considered. In Section 6, the BMT distribution is extended from [0, 1] to [c, d] . In Section 7, two estimation methods, maximum likelihood and maximum product of spacing, are reviewed. In Section 8, the potential and usefulness of the BMT distribution are depicted through the fitting of three real data sets. In Section 9, concluding remarks, observations, and future work are addressed.
Background
In this section, we point out properties and results about Bezier curves, generic distributions given by parametric equations, and the Bezier distribution.
Bezier curves
In computer graphics, a Bezier curve (Bezier, 1977 ) is used to approximate smooth shapes, especially for the computer aided geometric design (CAGD) (Farin, 2002) . The curve is represented by parametric equations given by polynomials, which can be expressed in different ways: the Bernstein form, the de Casteljau's algorithm (recursive form), the polynomial form, and the matrix form. For example, the Bernstein form of a Bezier curve is given by,
where t ∈ [0, 1], b 0 , b 1 , . . . , b n ∈ R d are the Bezier control points, and {B n i (t), i = 0, . . . , n} are the n+1 Bernstein basis polynomials of degree n (Farin, 2002, Section 5.1) . Each Bernstein polynomial is defined explicitly by B n i (t) = n i t i (1 − t) n−i . Some properties of a Bezier curve are: affine invariance, invariance under affine parameter transformations, convex hull property, endpoint interpolation, symmetry with respect to t and 1 − t, invariance under baricentric combinations, linear precision, and pseudolocal control (Farin, 2002 , Section 5.2).
Affine invariance is an important property of Bezier curves. It means that they are invariant under affine maps. Some examples of affine maps are translations, scalings, rotations, shears, and parallel projections.
Another useful property of Bezier curves is the closed-form expressions for their derivatives.
From the Bernstein form, the r-th derivative of a Bezier curve is given by,
where t ∈ [0, 1], and ∆ r b j = r i=0 r i (−1) r−i b i+j (Farin, 2002, Section 5. 3).
Any distribution given by parametric equations
The Bezier distribution proposed by Wagner and Wilson (1996a) shows that continuous distributions given by parametric equations have already been worked in the literature. However, we did not find a summary of general properties of such distributions in our bibliographic review.
If a curve given by parametric equations, x = x(t) and y F = y F (t), fulfills the conditions of a cumulative distribution function (CDF), then there is a random variable X with CDF F X described by that curve and,
It follows that, if it exists, the probability density function (PDF) of X can be given by the parametric equations,
or by the function,
The quantile function is given by the parametric equations, p = y F (t) and y Q = x(t), i.e.,
The r-th central moment, for r ∈ Z + , and the characteristic function of X are:
respectively.
Bezier distribution
Wagner and Wilson (1996a) propose the following definition for the Bezier distribution.
Definition 1. If X is a Bezier continuous random variable with bounded support [x * , x * ], then the CDF of X is given parametrically by,
where t ∈ [0, 1] and the Bezier control points
With Definition 1, the Bezier distribution family is only a subset of all the CDFs that could be described by a Bezier curve. We propose the following, more general, definition. Definition 2. (Bezier distribution) X is a Bezier random variable, when the CDF of X is given by the parametric equations,
where t ∈ R and b n (t) = b n 1 (t), b n 2 (t) T is a Bezier curve, with Bezier control points
T ∈ R 2 that fulfill the following conditions: and lim h→0 F X (b n,1 − h) = 1. Finally, F X has to be a non-decreasing function to be a CDF.
Using the first derivative of a Bezier curve (from Equation (2)), it can be shown that F X is a non-decreasing function if and only if condition (ii) is fulfilled (see Appendix A). Bae and Kim (2014) propose the Bezier smoothing as a non-parametric technique to estimate a CDF. Therefore, all their estimated CDFs are Bezier distributions under Definition 2.
Since Definition 1 and 2 differ only in the discontinuities allowed by Equations (4) and in conditions for Bezier control points, the pdf, moments, and generation of random values are practically the same as the ones presented by Wagner and Wilson (1996a) . From now on, we will assume that the Bezier distribution family refers to Definition 2.
Given that the Bezier distribution inherits the affine invariance of Bezier curves, then we have the following property, which has some resemblance to the location-scale property of some wellknown distributions. 
Proof. Z = u X + v is an affine map, as a scaling and translation of X. That affine map will be applied to the Bezier curve associated to the CDF of X. Also, affine invariance of Bezier curves means that applying the affine map to a Bezier curve or to its control points leads us to the same result. Then, the scaling and translation of X is equivalent to the scaling and translation of the Bezier control points related to the CDF of X.
On the other hand, Wagner and Wilson (1996a) propose to numerically compute the moments of a Bezier random variable. To that end, they use Gaussian quadrature and the following result for a nonnegative random variable X,
Nevertheless, we obtained some expressions for the raw and central moments of X. In Appendix B, we prove that the r-th raw moment of a Bezier random variable X is given by,
From Equation (5) and Proposition 1, we get that the r-th central moment of X is given by,
3 Cumulative distribution and probability density functions
The BMT is a parametric family of continuous probability distributions supported on the interval [0, 1] and characterized by only two parameters, that we denoted κ l and κ r , both of them on the interval (0, 1). These shape parameters control the curvature of each tail, κ l for the left tail and κ r for the right one.
This distribution family was obtained after set some specifications for the Bezier distribution with four control points. Thus, it benefits of Bezier curves and Bezier distribution properties. Its From Definition 2 and the mentioned control points, b 0 to b 3 , we have that the CDF of a BMT random variable X is given parametrically by,
and rewriting those polynomials with respect to t, we present the following definition.
Definition 3. (BMT distribution).
A random variable X is said to be BMT distributed, denoted by BM T (κ l , κ r ), if its CDF is given by the following parametric equations,
for κ l , κ r ∈ (0, 1) and t ∈ R.
If X is a BMT random variable with CDF F X given by parametric equations (7a) and (7b), the correspondent PDF f X is given parametrically by, (b) BMT probability density functions.
Figure 2: Shape plot for the BMT cumulative distribution and probability density functions.
for κ l , κ r ∈ (0, 1) and t ∈ R. When (κ l , κ r ) → (0, 0), both tails become flat and we obtain the uniform continuous distribution. With regard to other limiting cases, we consider important to mention that:
= ∞, and,
Moreover, since the tangent line slope of a BMT PDF is given by,
the BMT distribution always has one mode, which is given by,
4 Quantile function and simulation
The quantile function of a random variable X, with CDF given by
The solution to Equation (9) can be computed by any root-finding algorithm. However, an efficient and accurate way to get real roots of a cubic polynomial is using Francois Viete's equations (Press et al., 2007, Section 5.6 ). Hence, for p = 0, the root is t = 0; for p = 1, the root is t = 1;
and for p ∈ (0, 1), the only real root on the interval (0, 1) is given by,
Therefore, the quantile function F −1
X has a close-form expression. As a result, the median of X is,
and the interquartile range of X is,
Also, the method of inversion can be used straightforward for sampling or simulation.
Moments
Substituting Bezier control points b 0 , b 1 , b 2 , and b 3 of a BMT distribution in the r-th raw moment of a Bezier distribution (Equation (5)), we have that the r-th raw moment of a BMT random variable X is,
r-th central moment of X is,
where a 0 = −µ X , a 1 = κ l − µ X , a 2 = 1 − κ r − µ X , and a 3 = 1 − µ X . Therefore, mean, variance,
Pearson's skewness, and Pearson's kurtosis can be derived from Equations (13) and (14). We have that,
and,
where, Regarding the usefulness of some moments, Pearson (1916) and Cullen and Frey (1999) , among others, produce different planes to illustrate characteristics or scope of some distributions. (0, 3). Another example could be the gamma distribution family with shape parameter α and rate parameter β. That family has coordinates (4/α, 6/α + 3), so the family is represented by all the points of the line y = 1.5x + 3. The region for the BMT distribution in Figure 3 shows that this family has: symmetric shapes with kurtosis from 1.8, equal to the continuous uniform distribution, to 6.78, similar to the student's t distribution with 5.59 degrees of freedom; shapes more skewed than the most asymmetrical skew-normal; and some shapes that the very flexible beta distribution cannot reach, given the BMT region above the line that represents the gamma family. 
If the CDF of X is given by parametric equations x X (t) and y F X (t), the CDF of Y is given by,
In the same way, the pdf of Y is given by,
And, the closed-form expression for the quantile function of Y is,
where y Pearson's skewness and kurtosis are standardized moments, they are the same for Y and X.
Estimation
Let θ = (κ l , κ r ) T be the parameter vector and Θ = (0, 1) × (0, 1) the parameter space of a BMT distribution. Since the PDF of the BMT distribution does not have an explicit formula, a numerical approach is needed to obtain a maximum likelihood estimate (MLE) (Fisher, 1922) ,
Nonetheless, a MLE might not exist and observations close to 0, 1, or 0.5 and θ in the vicinity of (0, 1) T , (1, 0) T , or (1, 1) T could give some trouble to the solving mechanism of the maximum likelihood optimization problem.
Considering potential inconveniences with maximum likelihood estimation, we explore an alternative method. The maximum product of spacing estimate (MPSE) (Cheng and Amin, 1983) , also called maximum spacing estimate (Ranneby, 1984) , conserves some properties and surpasses some difficulties of the maximum likelihood estimation.
In general, for a density f X (x; θ) strictly positive in the interval (x (0) , x (n+1) ) and zero outside of it, and an ordered random sample
, where x (0) and x (n+1)
could be known or unknown values, MPSEs areθ mpse ∈ Θ, such that they maximize the sum (or arithmetic mean) of the logarithm of spacings: F(x (i) ; θ) − F(x (i−1) ; θ), for i = 1, . . . , n + 1, Cheng and Amin (1983) and Ranneby (1984) propose the maximum product of spacing method by two separated ways, the first motivated on the probability integral transform and the second one on the Kullback-Leibler divergence. Both works show that MLEs and MPSEs are related and demonstrate that the maximum product of spacing method can achieve consistent, asymptotically normal, and asymptotically efficient estimators, when a MLE exists and under more general conditions.
The only known downside about the maximum product of spacing method is when
In that case, the respective spacing can be replaced by f(
the observation is standardly ignored or excluded, just like with the maximum likelihood method.
The objective function of the maximum product of spacing optimization problem is bounded, thus it always has at least a supreme. Since the CDF of a BMT distribution does not have a close-form formula, a MPSE will also have to be found numerically.
To test estimation methods together with optimization algorithms, we run some simulations and check parameter recovery. We simulate 1000 samples of size 30, 300, and 3000, from a BMT distribution on [0, 1] with parameter vector θ 1 = (0.5, 0.5) T , θ 2 = (0.2, 0.4) T , and θ 3 = (0.9, 0.1) T .
For each sample, we employ a trust-region approach to box-constrained optimization (Gay, 1984) for a numerical maximum likelihood and maximum product of spacing estimation. Function nlminb of the software R (R Core Team, 2015) was used and (0.6, 0.6) T was always the initial value for θ.
Following the estimation, we calculate the absolute difference between a parameter value and the obtained estimate for each simulated sample. By sample size, parameter vector, and estimation method, the mean, median, and standard deviation of the mentioned differences were computed for each set of samples (See Table 9 in Appendix D). Results indicate that we have successful numerical procedures for parameter estimation. Also, despite the difficulties associated to analytically solving the MLE optimization problem for the BMT distribution, a numerical solution does not have considerable inconveniences, at least for the arbitrary chosen parameter vectors along with the selected optimization method.
Applications
In this section, we illustrate the usefulness and potential of the BMT distribution with the help of three real data sets. countries. Also, the assignation of a booklet to a student is randomized. Considering that, we choose only one arbitrary booklet, Booklet 10, and its questions of mathematics. In conclusion, the variable to be fitted or modeled by the BMT distribution is precisely the classic performance score in mathematics, using the students responses to Booklet 10 of the PISA test applied in 2012. Table 1 displays some summary statistics of the sample. The Booklet 10 was given to 35545 students, 7.32% of the evaluated people that year. The performance as a percentage naturally goes from 0% to 100%, and, indeed, there is no reason that would impede answering correctly or wrongly all the dichotomous math questions from Booklet 10. Sample skewness and kurtosis allow us to locate the data in Figure 3 , slightly to the right from axis y and just between the points representing normal and uniform distributions.
PISA 2012
The above suggests that it is appropriate to fit the data with distributions like the beta, Kumaraswamy, or BMT (on [0, 1]). By maximum likelihood and maximum product of spacing, we obtain estimates of the shape parameters for each of those distributions. Table 2 shows attained MLEs and MPSEs for the beta, Kumaraswamy, and BMT distributions, and, in each case, objective functions associated to both estimation methods were evaluated at the attained estimateθ.
For MLEs, the objective function is the natural logarithm of the likelihood, and, for MPSEs, the objective function is the sum of the natural logarithm of spacings.
From Table 2 , we can see that maximum likelihood and maximum product of spacing have almost the same results. The reason of this might be a large enough sample size and/or many equal observations. In addition, BMT achieves the highest values for the respective objective functions among the selected distributions. Since all the models have the same number of parameters, Akaike information criterion (AIC) and Bayesian information criterion (BIC) will also indicate that the BMT provides to some extent a better fit than the other two distributions. With regard to the values ofθ for the BMT distribution, we can say that we establish an estimated BMT curvature degree of 28.52% for the left tail (κ l ) and of 48.71% for the right tail (κ r ). Right tail is steeper than the left one and that implies a right-skewed estimated distribution, with an asymmetry of 20.19
BMT percentage points if we use κ r − κ l as an asymmetry indicator.
Food Expenditure
The data of our second application correspond to the proportion of income spent on food, used for a beta regression model application (Ferrari and Cribari-Neto, 2004) . The source of this data (Griffiths et al., 1993, Table 15 .4) has the income, food expenditure, and number of people in a sample of 38 households from a large U.S. city. Ferrari and Cribari-Neto (2004) use the mentioned proportion as response of their proposed regression.
Food expenditure, as a proportion of the income, theoretically goes from 0 to 1. We consider summary statistics of the variable (Table 3 ). According to skewness close to one and kurtosis slightly above four, the data gets inside beta and BMT regions in Figure 3 . Then, it is reasonable to follow the same procedure as with the previous application. Table 4 shows that the BMT distribution has the highest sum of log spacings, and is the only one with similar estimates for both estimation methods. On the other hand, the beta distribution has the highest log likelihood, and, as a result, the lowest AIC and BIC among the selected distributions.
To be more precise, food expenditure proportion of zero or one does not seem to have sense in practice. For every household, some of the income should go to food and also to something else than food. Indeed, sample minimum and maximum say that food expenditure percentage goes from 11% to 56% for the 38 households. Therefore, we believe that it is more suitable to use a distribution Table 5 also gives us hints about differences between maximum likelihood and maximum product of spacing for distributions with four (two domain and two shape) parameters and a small sample.
The plots of the fitted densities by maximum likelihood for the beta with two parameters, the beta with four parameters, and the BMT with four parameters are shown in Figure 4 . They illustrate that the BMT of four parameters provides a better fit than the other two distributions.
The beta on [0, 1] does no achieve the observed steepness in the histogram, and, although the beta
] is a little more steeper, it does not have a domain within [0, 1]. Actually, the beta and Kuramaswamy distributions can have tails tightly attached to the x-axis, and therefore, estimates of domain parameters can go very far from minimum and maximum of the sample to achieve a better fit. From the fitted BMT on [c, d] , it is estimated that the population proportions of income spent on food go from 7.66% to 64.93%, with a BMT curvature degree of 43.02% for the left tail and 86.37% for the right one. BMT curvature degree difference between tails imply a right-skewed distribution with an asymmetry of κ r − κ l = 43.35 BMT percentage points. 
Height of sons
For our third application, we wanted to explore the effectiveness of the BMT as a distribution supported on a bounded interval completely outside [0, 1].
We take the famous dataset on relationship between heights of fathers and their sons by Pearson and Lee (1903) . This data set has 1078 observations and two variables: father's and son's height.
The original data were reported to the nearest inch. Later, a small amount of random uniform noise was added to render it continuous (Verzani, 2015, dataframe father.son) , and for this example, we convert it to centimeters. With this particular application, we want to focus on estimating the stature of tallest and shortest son of the population from which the sample was taken.
Sample skewness and kurtosis point out an approximately symmetric distribution between the normal and logistic distributions (See Table 6 along with Figure 3 ). Table 7 shows the results of a maximum likelihood and maximum product of spacing estimation for the four parameter beta, Kumaraswamy, and BMT distributions. BMT distribution has the lowest values for the objective functions to maximize, but it is the only one with plausible values for parameters c and d. Therefore, BMT is the only one of those distributions useful for our interest (stature of the tallest and the shortest son).
Based on the BMT distribution and the maximum likelihood method, we estimate that the population height of tallest and smallest son are 1.48 and 2.00 meters, respectively. We also have a curvature degree of 72% for the left tail, a curvature degree of 70% for the right tail, and a very small skewness to the left with an asymmetry of κ r − κ l = −1.88 BMT percentage points.
On the other hand, the normal and logistic distributions cannot give us estimates for tallest and shortest height. However, if we use them, the log likelihood function of normal and logistic distributions evaluated at their MLEs are −3649.5634 and −3645.7559, respectively. Also, 1.48 and 2.00 meters are the 0.01% and 99.98% percentiles of the estimated normal distribution, and those same heights are the 0.13% and 99.83% percentiles of the estimated logistic distribution. Considering what happens with the normal and logistic distributions, a truncated (skew) logistic distribution do not neglect our mentioned interest and should have a better fit than beta, Kumaraswamy, BMT, normal and logistic distributions.
Conclusion and comments
We proposed a new double-bounded continuous distribution called BMT. As far as we know, this is one of few distribution families given by parametric equations with a small number of parameters. BMT distribution can be seen as a particular case of our more general definition of the Bezier distribution. As a result, the BMT is a quite flexible unimodal distribution with two shape parameters, on (0, 1), that can be interpreted as the curvature degree of each of its tails.
We also studied some general properties of the BMT distribution. Closed-form expressions for quantile function and some descriptive measures were derived. Given the formula of the BMT quantile function, an easy and fast way of sampling a BMT random variable is possible. Mean and median of a BMT distribution are linear transformations of parameters difference (κ r − κ r ), and that difference can be seen as an indicator of asymmetry. An overview of a comparison between beta, Kumaraswamy, and BMT distributions is given as a checklist in Table 8 . In addition to the properties mentioned, simulations and three applications show our distribution functionality. Maximum likelihood and maximum product spacing methods, in conjunction with the box-constrained optimization proposed by Gay (1984) (implemented in R's function nlminb), performed well and converged for all cases, with diverse sample sizes and with two or four parameters.
The BMT distribution clearly stands out for its suitability when it comes to estimate plausible domain parameters. Not only that, but it could be useful to handle unimodal data otherwise questionably assumed on the whole real line or on a semi-infinite interval. Applications showed that four parameter beta and Kumaraswamy, with their possibility of very light tails, lead to estimates for domain parameters very far from sample minimum and maximum; while that does not happen with the BMT distribution. Equally noteworthy, Figure 3 shows that the BMT distribution can handle data that the beta distribution do not, given their possible values of (population) skewness and kurtosis. All the above ensures that the BMT distribution is a genuine alternative to existent continuous univariate distributions supported on a bounded interval.
With regard to the computational aspect, we note that the optimization algorithms from optimx By comparison, to the optimization algorithms, the four parameter estimation problem for the BMT distribution seems to be as well-behaved as the two parameter problem. Even if domain parameters are on a very different scale from the BMT shape parameter, only for the BMT distribution, a linear transformation of the data solves any possible issue with that difference of scales. In conclusion, to model a variable with unknown domain, we strongly recommend using the four parameter BMT distribution over the beta or Kumaraswamy distributions.
As part of first author PhD thesis, we already worked on useful alternative parametrizations and estimation methods for the BMT distribution. Regression using the BMT distribution seems straightforward, at least numerically, following the ideas of Ferrari and Cribari-Neto (2004); Mitnik and Baek (2013) ; Cepeda-Cuervo (2014); Klein et al. (2015) . Since the BMT was motivated by our vision about the needs of the item response theory (IRT), we have high expectations for IRT models using the BMT distribution. Indeed, we intend to compare a proposed BMT IRT model with the skew-normal IRT model worked by Bazán et al. (2006) ; Azevedo et al. (2011) .
Future research is open to new mathematical properties, extensions, and applications for the BMT distribution. Likewise, comparative analysis with truncated distributions could be important and informative.
B Raw moments of the Bezier distribution
Proposition 3. The r-th raw moment of a Bezier random variable X is given by,
Proof. The r-th raw moment of a random variable X is, D Results of simulations and parameter recovery Table 9 : Mean, median, and standard deviation of the absolute difference between a parameter and its estimates for 1000 samples, by sample size (n), parameter vector (θ), and estimation method (MLE: Maximum likelihood and MPSE: Maximum product of spacing). 
